The paper presents the effect of considering the substrate under the floor-insulation in the form of closed-cell polyurethane spray foam, which is used for insulating surfaces particularly exposed to mechanical impact. The layer of thermal insulation was made by spraying, which prevents the occurrence of thermal bridges due to tight filling of the insulated space. It seems extremely important to adopt the appropriate material characteristics of an insulating layer. The basic thermophysical properties of polyurethane foam justifying its choice as an insulation material were the values of its thermal conductivity coefficient (0.022 W/(mK)) and density (36 kg/m 3 ). However, what was the most important for the calculations provided in the work was to determine the stiffness of the foam subgrade so as to assess its impact on the floor load capacity. The paper includes calculations for a floor slab characterized by a static diagram, with all edges free (unfixed), loaded in strips circumferentially. The reinforced concrete slab was 6 × 6 m long, 0.25 m thick, and made of C20/25 concrete resting on an elastic substrate. Calculations were made for two variants taking into consideration two values of subgrade stiffness. The first variant concerned the subgrade stiffness for sprayed polyurethane foam insulation. On the basis of laboratory tests in situ made according to the standard procedure, its average value was assumed as K = 32,000 kN/m 3 . The second, comparative, computational variant included the subgrade stiffness equal to K = 50,000 kN/m 3 . A variation approach to the finite difference method was used for static calculations, adopting the condition for the minimum energy of elastic deformation while undergoing bending that was accumulated in the slab resting on a Winkler elastic substrate. Static calculations resulted in obtaining the values of deflections at each point of the discretization grid adopted for the slab. The obtained results have proved the necessity of calculating the floor as a layer element. For the reference substrate with the subgrade stiffness K = 50,000 kN/m 3 that was adopted in the work, the value of the bending moment was 17% lower than when taking into account that there was thermal insulation under the floor slab, causing an increase in the deflection of the slab and an increase in its bending moment. If a design does not include the actual subgrade stiffness of the layer under the floor slab, it results in an understatement of the values of the bending moments on the basis of which the slab reinforcement is designed. Adherence of insufficient concrete slab reinforcement may cause subsequent damage to floor slabs.
Introduction
The structure of a building consists of individual structural elements whose main task is to transfer loads originating from the function and purpose of the object. Sometimes these loads can result in an interesting dynamical phenomenon, such as nonlinear energy transfer [1, 2] or mode location. One of the basic structural elements found in each building are floor slabs. They must be designed accordingly 2 of 10 as to ensure trouble-free use of floors, which are made of structural and surface layers (finishing). The improper design of floor slabs may result in subsidence, scratches, or cracks [3, 4] . Damage visible in the top layer of a floor also contributes to local chipping or peeling as well as the detachment of resin coatings and modification of surface evenness [5, 6] . The correct design of floors requires proper recognition of the substrate beneath and treating it as a layered system. The most commonly applied calculation scheme for a floor slab includes a plate on a Winkler elastic substrate. The Winkler model specifies a substrate with one single parameter, assuming that the working load is equal to the product of plate deflection and subgrade stiffness.
Any point of the surface of the substrate dislocates independently from one another. This is because at each point, the medium of the substrate contains a flexible independent spring with equal stiffness and an infinitely close arrangement [7, 8] . In a different way, a Winkler substrate has been defined as a system of densely spaced rods having a specific flexural stiffness [9] . A more accurate model is an elastic layer presented in an approximate manner. The coefficients included in calculations are dependent on the material constants specific to this layer [10] . Another option is to assume that the substrate is liquid whose specific gravity is later included in calculations. Then, the buoyancy is exerted by the weight of the plate that lies on a given floating substrate [11] . Figure 1 schematically presents the Winkler elastic substrate, while Formula (1) indicates the above-described correlation [11] .
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where: Two-parameter substrate models such as Vlasov, Pasternak or Gorbunov-Posadov systems of equations are much less frequently used, since it is more difficult to make calculations using them [12] [13] [14] [15] . Floors in heated buildings are thermally insulated to minimize heat loss. The literature provides insufficient information regarding the effect of a thermal insulation layer on the total load capacity of the floor slab above it. There are many thermal insulation materials, i.e., polystyrene, mineral wool, glass wool, resole foam, foam glass, or cellulose insulation material. Recently, the popularity of polyurethane foam as a thermal insulator has been noticeably increasing [16] [17] [18] . The production of polyurethanes constitutes approximately 7% of the total plastics production in Europe [19, 20] . Certainly, polyurethane can be used as floor insulation, e.g., sandwich panels with a polyurethane foam core in aluminum cladding. The calculations that include the cooperation of a reinforced concrete slab and sandwich panels demonstrate an increase in the value of the subgrade stiffness reaction in combination with a decrease in the value of bending moments [7] . However, floor insulation is very rarely made in the form of spraying, as insulation boards are much easier to lay.
The work contributes to further considerations on floor design as sandwich elements, with different stiffness moduli of individual layers. In the literature available to engineers, there are no algorithms for designing such floors. The issue is particularly important from the point of view of contractors and investors. Floors in building structures are a cost-generating element; hence, their correct design is critical. The paper includes an insulation layer made of spray-applied polyurethane Two-parameter substrate models such as Vlasov, Pasternak or Gorbunov-Posadov systems of equations are much less frequently used, since it is more difficult to make calculations using them [12] [13] [14] [15] . Floors in heated buildings are thermally insulated to minimize heat loss. The literature provides insufficient information regarding the effect of a thermal insulation layer on the total load capacity of the floor slab above it. There are many thermal insulation materials, i.e., polystyrene, mineral wool, glass wool, resole foam, foam glass, or cellulose insulation material. Recently, the popularity of polyurethane foam as a thermal insulator has been noticeably increasing [16] [17] [18] . The production of polyurethanes constitutes approximately 7% of the total plastics production in Europe [19, 20] . Certainly, polyurethane can be used as floor insulation, e.g., sandwich panels with a polyurethane foam core in aluminum cladding. The calculations that include the cooperation of a reinforced concrete slab and sandwich panels demonstrate an increase in the value of the subgrade stiffness reaction in combination with a decrease in the value of bending moments [7] . However, floor insulation is very rarely made in the form of spraying, as insulation boards are much easier to lay.
The work contributes to further considerations on floor design as sandwich elements, with different stiffness moduli of individual layers. In the literature available to engineers, there are no algorithms for designing such floors. The issue is particularly important from the point of view of contractors and investors. Floors in building structures are a cost-generating element; hence, their correct design is critical. The paper includes an insulation layer made of spray-applied polyurethane foam. Although such a solution is rarely used in floor making, its undoubted advantage, apart from thermal insulation properties, is the tightness of the layer.
Materials and Methods

Laboratory Tests
The present study uses the results of in situ tests carried out in order to determine the value of the stiffness subgrade of an insulation layer made of closed-cell polyurethane spray foam. The subject of the tests was polyurethane foam used for insulating surfaces particularly exposed to mechanical impact with the following parameters: thermal conductivity coefficient λ = 0.022 W/(mK), density in the range of 34-37 kg/m 2 , closed cell content approximately 95%, water absorption ≤ 0.20 kg/m 2 . The tested material was taken from the construction site; the sheets were 60 × 120 cm, from which 20 × 20 cm test samples were made. The temperature in the laboratory where the samples were stored was 24 • and they were stored for 6 h prior to testing. The tests cited in the paper was carried out with the use of 40 samples, 7 cm to 16 cm thick, according to [21, 22] . Figure 2 shows the measuring stand for conducting compressive strength tests of polyurethane foam samples and configuration of the universal testing machine prepared to perform the test (b). The force reading with an accuracy of 0.5 kN was carried out when the tested sample obtained 10% relative strain [21] .
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Materials and Methods
Laboratory Tests
The present study uses the results of in situ tests carried out in order to determine the value of the stiffness subgrade of an insulation layer made of closed-cell polyurethane spray foam. The subject of the tests was polyurethane foam used for insulating surfaces particularly exposed to mechanical impact with the following parameters: thermal conductivity coefficient λ = 0.022 W/(mK), density in the range of 34-37 kg/m 2 , closed cell content approximately 95%, water absorption ≤ 0.20 kg/m 2 . The tested material was taken from the construction site; the sheets were 60 × 120 cm, from which 20 × 20 cm test samples were made. The temperature in the laboratory where the samples were stored was 24° and they were stored for 6 h prior to testing. The tests cited in the paper was carried out with the use of 40 samples, 7 cm to 16 cm thick, according to [21, 22] . Figure 2 shows the measuring stand for conducting compressive strength tests of polyurethane foam samples and configuration of the universal testing machine prepared to perform the test (b). The force reading with an accuracy of 0.5 kN was carried out when the tested sample obtained 10% relative strain [21] . Figure 3c illustrates the universal testing machine with a visible straight edge prior to testing.
We determined the average compressive stresses at 10% relative strain for a given thickness [21] . Formula (1) provided the basis to determine the subgrade stiffness for a given thickness, which was followed by determination of the average subgrade stiffness calculated from 40 tests. To carry out the tests, 40 samples were used in the following configuration: for 16 mm thickness, 2 samples; 14.5 mm, 1 sample; 14 mm, 3 samples; 13.5 mm, 1 sample; 13 mm, 5 samples; 12.5 mm, 1 sample; 12 mm, 2 samples; 10.5 mm, 2 samples; 9.5 mm, 3 samples; 9 mm, 3 samples; 8.5 mm, 3 samples; 8 mm, 10 samples; 7.5 mm, 1 sample; and 7 mm, 3 samples. The average compressive stress at 10% relative strain was determined for each of the thicknesses listed above, as provided in Table 1 . Table 1 sets out the average compressive stress at 10% relative strain for a given thickness [23] and the determined average subgrade stiffness reaction for each sample thickness, followed by the average subgrade stiffness reaction obtained from all performed tests. We determined the average compressive stresses at 10% relative strain for a given thickness [21] . Formula (1) provided the basis to determine the subgrade stiffness for a given thickness, which was followed by determination of the average subgrade stiffness calculated from 40 tests. To carry out the tests, 40 samples were used in the following configuration: for 16 mm thickness, 2 samples; 14.5 mm, 1 sample; 14 mm, 3 samples; 13.5 mm, 1 sample; 13 mm, 5 samples; 12.5 mm, 1 sample; 12 mm, 2 samples; 10.5 mm, 2 samples; 9.5 mm, 3 samples; 9 mm, 3 samples; 8.5 mm, 3 samples; 8 mm, 10 samples; 7.5 mm, 1 sample; and 7 mm, 3 samples. The average compressive stress at 10% relative strain was determined for each of the thicknesses listed above, as provided in Table 1 . Table 1 sets out the average compressive stress at 10% relative strain for a given thickness [23] and the determined average subgrade stiffness reaction for each sample thickness, followed by the average subgrade stiffness reaction obtained from all performed tests. Further calculations in the paper used the average subgrade stiffness of the substrate made of closed-cell polyurethane spray foam in the value of K = 32,000 kN/m 3 .
Static Calculations for the Plate
Static calculations for the plate were made with the finite difference method in the variation approach. Apart from the finite element method, the finite difference method is one of the most popular numerical methods used for static calculations of building structures. Many outstanding and fundamental scientific papers on this subject have been created [24] [25] [26] [27] [28] [29] [30] [31] [32] [33] [34] . The method has been used in calculations for plate structures [35] , tanks [36, 37] , or surface girders.
This work used the condition for the minimum energy of elastic deformation accumulated while undergoing bending in the plate resting on an elastic substrate described in Functional (2) [7, 21] .
where: Further analysis was based on the adopted denominations:
On the assumption that the Poisson's ratio was v = 0, and excluding the parameter of temperature, the energy functional changed its form into Formula (3) [11] .
The calculations included a reinforced concrete slab with dimensions of 6 × 6 m and a thickness of 0.25 m made of C20/25 concrete with the elasticity modulus E = 30,000 MPa.
The slab was divided by a square discretization grid with a mesh size of s x = s y = 0.25 m. The slab adopted for calculations was characterized by a static diagram, with all edges free (unfixed), loaded in strips circumferentially with the load equal to q = 30 kN/m. The static diagram of the slab after taking into account the symmetry axis along with the assumed division mesh and acting load is shown in Figure 4 [38] . of 0.25 m made of C20/25 concrete with the elasticity modulus E = 30,000 MPa.
The slab was divided by a square discretization grid with a mesh size of sx = sy = 0.25 m. The slab adopted for calculations was characterized by a static diagram, with all edges free (unfixed), loaded in strips circumferentially with the load equal to q = 30 kN/m. The static diagram of the slab after taking into account the symmetry axis along with the assumed division mesh and acting load is shown in Figure 4 [38] . With the use of Formula (3) for each point of the division mesh, a displacement equation was written. As a result, we obtained a system of equations with 169 unknowns on the assumption that the average substrate subgrade stiffness obtained from laboratory tests [23] was K = 32,000 kN/m 3 . To compare the results, the system of equations was calculated once again assuming the subgrade stiffness K = 50,000 kN/m 3 , which corresponds to e.g., tightly compacted sand. After calculating the equation systems, we obtained the deflection values at all nodes of the adopted discretization grid.
Results
Based on Formula (4), we determined the values of the bending moments at all points of the discretization grid [11] . With the use of Formula (3) for each point of the division mesh, a displacement equation was written. As a result, we obtained a system of equations with 169 unknowns on the assumption that the average substrate subgrade stiffness obtained from laboratory tests [23] was K = 32,000 kN/m 3 . To compare the results, the system of equations was calculated once again assuming the subgrade stiffness K = 50,000 kN/m 3 , which corresponds to e.g., tightly compacted sand. After calculating the equation systems, we obtained the deflection values at all nodes of the adopted discretization grid.
Based on Formula (4), we determined the values of the bending moments at all points of the discretization grid [11] .
M kx -bending moment at the node k, D-plate flexural rigidity, w k+1 , w k , w k−1 -deflections at particular nodes of the grid. Table 2 summarizes the values of bending moments at particular nodes of the plate (Figure 4 ) in the symmetry axis, taking into account the substrate with subgrade stiffness K = 32,000 kN/m 3 and K = 50,000 kN/m 3 . The multiplier is the product of the mesh division designated as s and the load q. Table 3 compares the values of deflections and bending moments in the central point of the plate depending on the assumed subgrade stiffness reaction. It also shows the percentage difference in the values of bending moments between the substrate moduli accepted for calculation. The above table shows that with an increase in the subgrade stiffness reaction, the values of deflections and bending moments are reduced. The percentage decrease in the value of bending moment for a characteristic central node of the plate 169 for the plate resting on the substrate with subgrade stiffness obtained as a result of laboratory tests equal to K = 32,000 kN/m 3 in comparison to the substrate with a subgrade stiffness K = 50,000 kN/m 3 was 17.03%.
Discussion
By analyzing the available literature on the subject with the results obtained from the tests and calculations provided in the paper, the obtained results can be divided into two groups: results regarding the properties of the tested insulation material and the results of bending moments for designing floor slabs. Referring to the insulation material, it can be stated that the average value of the subgrade stiffness for spray-applied polyurethane foam is K = 32,000 kN/m 3 . In the case of layer plates with a polyurethane foam core in an aluminum cladding laid as a subfloor, the average value of subgrade stiffness is K = 39,830 kN/m 3 [7, 23, 38] . The cited results show partial conformity; however, they clearly indicate that the insulation layer made of spray-applied polyurethane foam is a more deformable substrate, i.e., there will be greater values of deflections and bending moments than in the case of sandwich panels with a polyurethane foam core laid under concrete slabs.
It was noticed that with an increase in the subgrade stiffness reaction, which did not take into account the influence of underfloor insulation, lower values of deflections and bending moments were obtained. Consequently, this leads to accepting a too small reinforcement area. On the other hand, the slab cooperating with the underlying Winkler substrate receives higher deflections and bending moments, which results in the necessity of applying stronger reinforcement [38] . Damage to floor plates caused by the adoption of incorrect reinforcement or the faulty execution of reinforced concrete structures is a serious problem for the user of the facility. Numerous authors have considered this subject [4, 39, 40] . Although the literature includes papers discussing issues related to the bending of plates on an elastic foundation, they refer to the stratified soil below the floor [9, 13, 14] . This paper shows that it is also important to consider the layer directly under concrete slabs [41, 42] .
Conclusions
In heated buildings, the floor is always thermally insulated. The most frequently provided solution are boards made of various insulation materials, as they are easier to lay. Spray insulation is rarely applied due to the installation costs and unpopularity of its application method. Nevertheless, its greatest advantage is the homogeneity of layers free from joints and cracks. The paper demonstrates that the calculation of floors should take into account their layering, which concerns not only the ground and foundation layers, but also the layer of insulation. Excluding the insulation in calculation is a serious engineering mistake, because it leads to a design with insufficient reinforcement, and as a result too low durability and strength of the floor. Negative effects may be damage such as scratches and subsidence, as well as cracks that significantly accelerate the degradation of floor slabs. To emphasize the importance of this structural element, it is worth noting that the cost of proper industrial floor construction in the facility is, depending on its complexity, about 20%-25% of the financial expenditure allocated for its construction. Then, the cost of repairing the floor is high and sometimes exceeds the cost of doing it anew.
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